Abstract. In this work, quadratic double and quadratic bordered double circulant constructions are applied to F 4 + uF 4 as well as F 4 , as a result of which extremal binary self-dual codes of length 56 and 64 are obtained. The binary extension theorems as well as the ring extension version are used to obtain 7 extremal self-dual binary codes of length 58, 24 extremal self-dual binary codes of length 66 and 29 extremal self-dual binary codes of length 68, all with new weight enumerators, to update the list of all the known extremal self-dual codes in the literature.
Introduction
Double circulant, bordered double circulant and recently four circulant constructions are some of the well known methods by which self-dual codes especially the extremal ones are constructed and classified. While in the former two, the exact conditions when the resulting codes are self-dual are not known, in the four circulant case a necessary and sufficient condition is given for the resulting code to be self-dual. Another common theme related to binary self-dual codes has been using extension theorems to obtain self-dual codes of length n + 2 from self-dual codes of length n.
Recently certain binary rings (rings of characteristic 2) have been successfully used to obtain many new extremal binary self-dual codes using the construction methods mentioned above and extension theorems. Some of the examples of these constructions can be found in [9, 10, 11, 12] , etc.
Gaborit, in [6] combined the double and bordered double circulant constructions with quadratic residues modulo a prime to construct self-dual codes of certain lengths over finite fields. The construction was called quadratic double and quadratic bordered double circulant construction. In this case also, the conditions for the self duality of the constructed codes were expressed explicitly.
Gaborit's method over fields is extended to the rings by the authors in [14] for the ring F 2 + uF 2 + u 2 F 2 with u 3 = u to obtain a considerable number of new extremal binary self-dual codes of length 68.
In a recent work ( [15] ), it was shown that the extension theorems for binary self-dual codes can also be extended to hold for self-dual codes over binary rings.
In this work, we combine all the above mentioned methods for some special rings, that are the rings F 2 m + uF 2 m for m = 1, 2, where u 2 = 0. These rings have been studied in [1] and [16] , where it was shown that they are endowed with a dualitypreserving Gray map that allows us to construct binary self-dual codes from selfdual codes over F 2 m +uF 2 m . To elaborate on the main focus of the current work, we have combined the extension theorem for rings with quadratic double and quadratic bordered double circulant constructions over the rings F 2 + uF 2 and F 4 + uF 4 and using these methods, we have been able to construct a considerable number of new extremal binary self-dual codes of lengths 58, 66 and 68. The precise numbers of new codes obtained from the constructions that will be explained in subsequent chapters are as follows: 7 extremal binary self-dual codes of length 58 with new weight enumerators in W 58,2 ; 24 extremal binary self-dual codes of length 66 with new weight enumerators in W 66,3 ; and 29 extremal binary self-dual codes of length 68 with new weight enumerators in W 68,2 . The rest of the paper is organized as follows. In Section 2, we give the preliminaries about the rings F 2 + uF 2 , F 4 + uF 4 , binary self-dual codes and the extension theorems. Section 3 includes the quadratic double and bordered double circulant constructions for self-dual codes over F 4 + uF 4 and F 4 as well as the lifts of selfdual codes over F 4 . This leads to several extremal binary self-dual codes of lengths 56 and 64, which will form a basis for the extensions to be applied in Section 4. Extension theorems of various forms are applied in Section 4 to the extremal codes obtained in Section 3, as a result of which numerous new extremal binary self-dual codes of lengths 58, 66 and 68 are obtained. We conclude with remarks and possible directions for future research.
Preliminaries
Let F 4 be the finite field of four elements, in other words F 4 = F 2 (ω) where ω is a root the unique irreducible binary quadratic polynomial x 2 + x + 1. The ring F 4 + uF 4 defined via u 2 = 0 can be viewed as an extension of F 2 , F 4 or F 2 + uF 2 . Self-dual codes over a ring of characteristic 2 are called Type II if the Lee weights are multiples of 4 and Type I otherwise. Type II codes over F 4 + uF 4 is studied in [16] , the results later generalized to the ring F 2 m + uF 2 m [1] . For more details we refer to [16, 1] . Recently, four circulant codes over F 4 + uF 4 have been studied in [15] . An (F 4 + uF 4 )-submodule C of (F 4 + uF 4 ) n is called a linear code of length n over F 4 + uF 4 . Let x = (x 1 , x 2 , . . . , x n ) and y = (y 1 , y 2 , . . . , y n ), the dual C ⊥ of the code C is defined for the Euclidean inner product x, y = x i y i as
C is said to be self-dual if C = C ⊥ . Rains finalized the upper bound for the minimum distance d of a binary self-dual code of length n in [17] as d ≤ 4⌊ 
The maps preserve orhogonality, therefore the Gray images of self-dual codes are self-dual.
Quadratic double circulant (QDC) codes are introduced in [6] . Let Q p (a, b, c) be a circulant matrix with first row r based on quadratic residues modulo p defined as r 
If p = 4k + 3 then
Definition 2.2. The code generated by
over R is called a quadratic pure double circulant code and is denoted by P p (a, b, c). In a similar way, the code generated by
where 1 is the all 1 vector of length p, is called a bordered quadratic double circulant code and is denoted by B p (a, b, c, λ, β, γ).
In order to define an (F 4 + uF 4 )-lift of a code over F 4 we need the projection
Definition 2.4. Let C and D be codes of length n over F 4 + uF 4 and F 4 , respectively. Then, C is said to be a lift of
Throughout the text we consider quadratic double circulant codes over F 4 , their lifts to F 4 + uF 4 , F 2 + uF 2 and F 2 and ring extensions of the related self-dual codes. For extensions the following theorems from [15] are used. In the sequel, we let S to be a commutative ring of characteristic 2 with identity.
Theorem 2.5. ([15])
Let C be a self-dual code over S of length n and G = (r i ) be a k × n generator matrix for C, where r i is the i-th row of G, 1 ≤ i ≤ k. Let c be a unit in S such that c 2 = 1 and X be a vector in S n with X, X = 1. Let
Another extension method which can be applied to generator matrices in standard form is as follows.:
If the sum of the elements in i-th row of A is r i then the matrix:
, where y i = x i + r i , c is a unit with c 2 = 1, X = (x 1 , . . . , x n ) and X, X = 1 + n, generates a self-dual code C * over S. . This is because for a fixed element a ∈ F 4 there are 4 possible lifts a + bu ∈ F 4 + uF 4 where b is an arbitrary element of F 4 . Results are obtained by computational algebra system MAGMA, for more details we refer the reader to [2] . By using these constructions we obtain some binary self-dual codes of lengths 56 and 64.
3.1. Quadratic double circulant codes over F 4 +uF 4 . QDC codes over F 4 +uF 4 is a large family of self-dual codes. In the following theorem we list some of these which correspond to self-dual codes. 
are respectively TypeI and Type II codes over
Proof. Self duality of the codes follows by Theorem 2.1 and the type of the code follows by the weights of the elements. For instance
Hence, the code P p (u, 1 + ω, ω + uω) is self-dual. In addition, wt (1) = 2, wt (u) = 4, wt (1 + ω) = 1 and wt (ω + uω) = 2 so the weight of any row of P p (u, 1 + ω, ω + uω) is 2 + 4 + p−1 
The binary images are [56, 28, 10] 2 self-dual codes, these are extended in Section 4.1 in order to obtain new binary codes of length 58. Recently, codes with β =29, 39, 53 and 60 in W 64,1 and codes with β =51, 58 in W 64,2 are constructed in [20] and a code with β = 80 in W 64,2 is constructed in [12] . Together with these the existence of such codes is now known for β =14, 18 Table 2 are obtained. In Table 2 L i is the code over F 4 + uF 4 generated
where A i is the circulant matrix with first row 
R i and 1 is the all 1 row vector of length 7 and the binary code φ • ψ (L i ) has weight enumerator with β i in W 64,1 .
Remark 3.2. The code with β = 60 in W 64,1 was recently constructed in [20] and all the codes in Table 2 have an automorphism group of order 2 2 7.
New extremal binary self-dual codes of lengths 58, 66 and 68
In this section, F 2 and (F 2 + uF 2 )-extensions of the codes constructed in the previous section are investigated. We were able to obtain 7 new binary codes of length 58, 24 new binary codes of length 66 and 29 new binary codes of length 68. All these codes have new weight enumerators. Recently, Yankov and Lee have presented the known extremal binary self-dual codes of length 58 and they obtain new ones in [19] . By considering lifts of [8, 4, 4] 2 Hamming code Karadeniz and Kaya constructed 11 new codes in W 58,2 in [9] . Together with the ones added from [19] and [9] , the existence of such codes is known for β = 55 in W 58,1 and for β = 0 with γ ∈ {2m|m =0, 1, 8, 9, 10, 15, 16, 34, 71, 79 or 18 ≤ m ≤ 64}, β = 1 with γ ∈ {2m|21 ≤ m ≤ 57} and β = 2 with γ ∈ {2m|m =16, 18, 20, 21, 22, 19, 46, 49 or 24 ≤ m ≤ 44} in W 58,2 .
In this section, we obtain the codes in W 58,2 for β = 0 with γ = 28, β = 1 with γ = 28, 32, 34, 38, 40 and for β = 2 with γ = 46.
The binary Gray images of the codes K 1 , K 2 and K 3 are self-dual [56, 28, 10] 2 codes and when they are extended by Theorem 2.5 seven extremal self-dual codes of length 58 with new weight enumerators are obtained which are listed in Table 3 . Table 3 . New codes in W 58,2 by Theorem 2.5 (7 codes) Table 4 . New codes in W 66,3 by Theorem 2.6 (13 codes) Recently, five new codes in W 66,1 are constructed in [12] . For a list of known codes in W 66,1 we refer to [12, 18] and references therein. First codes with a weight enumerator in W 66,3 were discovered in [18] and recently 14 codes were discovered in [10] Remark 4.1. In order to apply the extension in Theorem 2.6 the generator matrices for the binary image of L i are converted into standard form [I 32 |A i ] and the matrices are available online at [13] . So, in Table 4 the codes are generated by the matrices 
In addition, as binary extensions by Theorem 2.5 we obtained 11 new codes in W 66,3 which are listed in Table 5 . [18] . Recently, 178 new codes are obtained in [15] and 28 new codes including the first examples with γ = 4 and γ = 6 in W 68,2 are obtained in [11] . Together with the ones in [11, 15] [18] .
In this work as binary images of (F 2 + uF 2 )-extensions of codes in Table 6 we obtain 29 codes with new weight enumerators in W 68,2 , more precisely codes with γ = 1, β =67, 69, 71, 116, 117, 121, 122, 124, 127, 128, 130, 131, 134, 136, 157; with γ = 2, β =107, 113, 143, 147, 149, 154, 156, 159 and codes with rare parameters γ = 3, β =101, 110, 122, 123, 132, 156.
Remark 4.3. In Table 6 for the extension vectors X over F 2 + uF 2 the element 1 + u is abbreviated as 3 and the codes are generated by the matrices of the following The binary code generated by φ (G) has a new weight enumerator in W 68,2 for the given parameters. The binary generator matrices for codes with γ = 3 in W 68,2 in Table 6 are available online at [13] .
